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Abstract. Finding groups from a set of interconnected nodes is a recur-
rent paradigm in a variety of practical problems that can be modeled as a
graph, as those emerging from Social Networks. However, finding an opti-
mal partition of a graph is a computationally complex task, calling for the
development of approximative heuristics. In this regard, the work pre-
sented in this paper tackles the optimal partitioning of graph instances
whose connections among nodes are directed and weighted, a scenario
significantly less addressed in the literature than their unweighted, undi-
rected counterparts. To efficiently solve this problem, we design several
heuristic solvers inspired by different processes and phenomena observed
in Nature (namely, Water Cycle Algorithm, Firefly Algorithm, an Evo-
lutionary Simulated Annealing and a Population based Variable Neigh-
borhood Search), all resorting to a reformulated expression for the well-
known modularity function to account for the direction and weight of
edges within the graph. Extensive simulations are run over a set of syn-
thetically generated graph instances, aimed at elucidating the compar-
ative performance of the aforementioned solvers under different graph
sizes and levels of intra- and inter-connectivity among node groups. We
statistically verify that the approach relying on the Water Cycle Algo-
rithm outperforms the rest of heuristic methods in terms of Normalized
Mutual Information with respect to the true partition of the graph.
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1 Introduction

With the advent of Social Networks, the spectrum of tools and techniques capa-
ble of achieving insights from the interrelations between their users has increased
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considerably in the last decade [2]. The acquired knowledge by virtue of such
methods range from the quantification of the level of influence of a node within
the network (centrality) to the discovery of shortest paths between a given pair of
nodes or the derivation of enriched ways to visualize a network given the weight
distribution of its edges. Many of the functionalities that Social Network users
enjoy nowadays build upon this algorithmic portfolio, with a late prominence
noted around other practical goals (e.g. child abuse [6,28,30] or the detection of
radicalization risk [17]).

In this context, inferring communities within the nodes of a given network is
arguably one of the most addressed tasks in the related literature. In this regard,
a community refers to a set of nodes that comply with the general principles of
strong intra-connectivity (namely, high degree/strength of the links among nodes
belonging to the community) and weak inter-connectivity (correspondingly, low
degree/strength of edges between nodes belonging to different communities).
These measured parameters can be redefined as per the characteristics of the
network at hand (directed, weighted, multiple edges, self loops), so that they
ultimately quantify the cohesiveness of any proposed partition of the network.
This evaluation is rather done based on diverse metrics proposed in related
studies, each composing differently how connectivity is analyzed to yield a single
quality value for the partition under different assumptions, e.g. Newman and
Girvan’s Modularity [21], Permanence [5], Surprise [1] and others alike [4].

Algorithmically speaking, many contributions have hitherto gravitated on
the development of different heuristic approaches to find communities towards
– implicitly or explicitly – optimizing one of the aforementioned metrics. This
is the case, for instance, of iterative greedy methods capable of inferring a hier-
archy of communities in a constructive fashion, similarly to agglomerative hier-
archical clustering techniques [3]. Interestingly for the scope of this work, a
growing strand of literature is currently devoted to the use of heuristic opti-
mization algorithms directly adopting one modularity metric as their objective
function. Examples abound, each focusing on assorted combinations of network
instances, metric functions and algorithmic approximations. Genetic Algorithms
are arguably among those more recurrently explored to date for discovering com-
munities in networks of different characteristics [10,23,27]. However, many other
solvers within the Evolutionary Computation and Swarm Intelligence fields have
been also employed for this same purpose: to cite a few, Differential Evolution
[16], Particle Swarm Optimization [25] or Ant Colony Optimization [14][24].
More recently, the research attention has steered towards the use of modern
nature-inspired solvers for community detection in graphs, such as the Firefly
Algorithm [7], Bat Algorithm [13] or Artificial Bee Colony [11], among others.

The work presented in this manuscript takes a step further over the state of
the art exposed above by elaborating on several new research directions: (1) we
address the problem of detecting communities in weighted directed networks, far
less studied than other graph instances; (2) the adoption of the Hamming dis-
tance as a measure to compute the similarity between different partitions, which
can be exploited during the search process of the overall heuristic; and (3) the
assessment of these algorithmic ingredients with a diversity of nature-inspired
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solvers: Water Cycle Algorithm (WCA, [8]), Firefly Algorithm (FA, [31]), Evolu-
tionary Simulated Annealing (ESA, [32]) and Population based Variable Neigh-
borhood Search (PVNS, [29]). Thorough details on how each of these methods
has been tailored to benefit from the developed operators are given, along with a
justification of their expected benefits in terms of convergence. In order to assess
their comparative performance, results obtained over 24 synthetically generated
datasets are presented and discussed on the basis of their capability to discover
their ground-of-truth partition. The significance of the performance gaps found
in this benchmark is verified by two statistical tests (Friedman’s and Wilcoxon),
from which we conclude that WCA outperforms the rest of heuristic approaches
in most of the networks.

The rest of the paper is structured as follows: in Sect. 2 the problem of find-
ing communities in weighted directed networks is mathematically formulated,
whereas the heuristic solvers are described in Sect. 3. The experimentation is
introduced in Sect. 4. Finally, Sect. 5 concludes the paper.

2 Problem Statement

We begin by modeling a weighted network as a graph G .= {V, E , fW}, where V
denotes the set of |V| = V nodes or vertices of the network, E correspond to the
set of links or edges connecting every pair of nodes, and fW : V × V �→ R

+ is
a function assigning a non-negative weight to the edge connecting every pair of
nodes. We assume that fW(v, v) = 0 (i.e. no self loops), and that fW(v, v′) =
0 if nodes v and v′ are not connected. For notational convenience we define
fW(v, v′) .= wv,v′ , yielding a V × V adjacency matrix W given by W .= {wv,v′ :
v, v′ ∈ V} and fulfilling Tr(W) = 0. The directed nature of the network is
ensured by overriding any assumption on the symmetry of W, e.g. wv,v′ is not
necessarily equal to wv′,v.

With the above notation in mind, the general problem of detecting commu-
nities in a graph G can be conceived as the partition of the vertex set V into a
number of disjoint, non-empty groups, each with an arbitrary size. Let M denote
the number of groups of partition ˜V .= {V1, . . . ,VM}, such that ∪M

m=1Vm = V
and Vm ∩Vm′ = ∅ ∀m′ 	= m (i.e. no overlapping communities). By extending this
notation, the community to which node v belongs can be denoted as Vv ∈ ˜V.

The weighted directed nature of the network imposes a redefinition of the
conventional in-degree and out-degree to the input and output strength of a
given node of the network, which are correspondingly given by

sin
v =

∑

v′∈V
wv′,v, sout

v =
∑

v′∈V
wv,v′ , (1)

namely, as the sum of the weights of the incident (outgoing) edges to (from)
node v. It is important to note that these quantities reflect both the directivity
and the weighted nature of adjacency matrix W. Thereby, they should play an
important role in the definition of the communities in a similar fashion to the
in- and out-degree when clustering undirected, unweighted networks. Following
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this rationale, a measure of the quality of a given partition ˜V can be formulated
departing from the definition of modularity for undirected graphs introduced in
[18,20]. By defining a binary function δ : V × V �→ {0, 1}, such that δ(v, v′) = 1
if Vv = Vv′

as per the partition set by ˜V (and 0 otherwise), the measure of
modularity in weighted directed graphs can be computed by:

Q(˜V) .=
1

|∑W |
∑

v∈V

∑

v′∈V

[

wv,v′
sin

v sout
v′

|∑W |
]

δ(v, v′), (2)

where |∑W | denotes the sum weight of all edges of the network. Finding a good
partition ˜V∗ of a weighted directed network G can be then casted as:

˜V∗ = arg max
˜V∈BV

Q(˜V), (3)

where BV denotes the set of possible partitions of V elements into nonempty
subsets (i.e. the solution space of the above combinatorial problem). The cardi-
nality of this set, given by the V -th Bell number [12] is huge, thus calling for
the adoption of heuristics for its efficient exploration. For example, a network
instance with V = 20 nodes can be partitioned in approximately 517.24 · 1012

different ways. Provided that the above metric could be computed in 1 microsec-
ond on average, we would need more than one and a half years to exhaustively
check all possible partitions.

3 Proposed Nature-Inspired Solvers

To efficiently solve the problem posed above, several discrete solvers are pro-
posed. Before a deep detail of each method, common design aspects such as
the encoding strategy, the solution repair method and the distance to compare
different solutions are first described in what follows.

The first issue to be tackled is the encoding of solutions or individuals. In this
work we adopt a label-based representation [15]: each solution is represented as
a permutation x = [c1, c2, . . . , cV ] of V integers from the range [1, . . . , V ], where
we recall that V represents the number of nodes in the network. The value of
cv denotes the cluster label to which node v belongs. For example, assuming
a V = 10 network, one feasible solution could be x = [1, 2, 1, 1, 2, 2, 2, 3, 3, 3],
meaning that the partition represented by this vector is ˜V = {V1,V2,V3}, where
V1 = {1, 3, 4}, V2 = {2, 5, 6, 7} and V3 = {8, 9, 10}. In order to avoid ambiguities
in the representation, a repairing procedure has been developed partly inspired
from the one proposed in [9]. By applying this process to every newly produced
solution, ambiguities such as those between x = [4, 2, 4, 4, 2, 2, 2, 3, 3, 3] and x =
[7, 1, 7, 7, 1, 1, 1, 4, 4, 4] (which represent the same partition) are modified to x =
[1, 2, 1, 1, 2, 2, 2, 3, 3, 3].

Another important aspect of three of the proposed methods (namely, WCA,
FA and ESA) is how the similarity between the different individuals is computed,
which lies at the core of the constituent operators of such methods. To this end,
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the well-known Hamming distance has been selected. Some studies of the litera-
ture have previously used this function for similar purposes in other combinato-
rial problems [22], verifying its good performance for this purpose. Specifically,
this function calculates the number of non-corresponding elements of both solu-
tions. For example, assuming two individuals x = [1, 1, 2,3, 3,2, 2, 3, 3,1] and
x′ = [1, 1, 2,2, 3,3, 2, 3, 3,2], their Hamming Distance DH(x,x′) would equal 3.

Furthermore, four different movement operators have been developed for
evolving individuals along the search process. These functions are applied
depending on the distance between two individuals (in the case of FA and WCA),
or depending on the nature of the solution (in the case of ESA and PVNS). These
operators are called CE1, CE3, CC1 and CC3. For each of these functions, the
subscript represents the number of randomly selected nodes, which are extracted
from its corresponding cluster. In CE∗ operators, the taken nodes are re-inserted
in already existing clusters, while in CC∗ nodes can be inserted also in newly
generated clusters.

WCA: This solver was first conceived for solving continuous optimization prob-
lems. For this reason, an adaptation has been made in order to address combi-
natorial optimization problems such as the one addressed in this paper. Along
with the encoding and the measurement of distance method, the most critical
aspect is how rivers and streams flow to their corresponding leading raindrop.
Following the philosophy of the original WCA, the movement of each stream
pstr ∈ Pstr towards its river λ(pstr) at each generation t ∈ {1, . . . , T} is set to:

xpstr (t + 1) = Ψ
(

xpstr (t),min
{

V,
⌊

rand · θ · DH(xpstr (t),xλ(pstr)(t))
⌋})

, (4)

where θ is a heuristic parameter, rand is a continuous random variable uniformly
distributed in R[0, 1], and Ψ(x, Z) ∈ {CE1, CE3, CC1, CC3}, each parametrized
by the number of times Z this operator is applied to the raindrop x. The best
position resulting from the Z movements performed on x is chosen as the output
of the operator. The same philosophy is followed for the movement of a stream
or a river towards the sea, simply by replacing xλ(pstr)(t) by xpsea(t).

Furthermore, in order to further enhance the exploration capacity of the
technique, the inclination mechanism recently introduced in [22] is also used in
the WCA developed in this work. Thanks to this mechanism, the method intel-
ligently selects the proper movement function to use at each iteration for each
raindrop, depending on its specific situation. Particularly, each time a raindrop
is ready to perform a movement, the so-called inclination ξ(x,x′) is calculated,
using as reference the DH(x,x′) to its designated river/sea x′. Specifically, ξ(·, ·)
is set equal to V/DH(·, ·). Taking into account that the bigger DH(·, ·) is, the
higher ξ(·, ·) should be, a fast move should be enforced with a higher probability
if the inclination is high. On the other hand, if DH(·, ·) is small the inclina-
tion decreases, suggesting that the search is in a promising area of the solution
space, and performing a slow move with higher probability. In this research,
instead of having only two different functions (as occurs in [22]), four differ-
ent operators are available: CC∗ functions are considered fast moves, whereas
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CE∗ are deemed slow moves. Finally, the philosophy of both evaporation and
raining concepts remain in the same way as in the basic WCA, acting similarly
to a mutation operator in Genetic Algorithms. Concretely, the raining process
comprises a number R of consecutive CC3 movements.

FA: As in the case of WCA, the classic FA cannot be either applied directly
to address a discrete problem. For this reason, some modifications have been
included. First, each firefly in the swarm represents a solution for the problem.
The concept of light absorption is also considered for this adaptation, which is
crucial for the adjustment of fireflies’ attractiveness. The distance between two
different fireflies is represented by the Hamming Distance. Finally, the move-
ment of a firefly attracted to another brighter firefly is determined similarly to
Expression (4). At last, and emulating the concept of inclination introduced for
the WCA, when a firefly is prepared to perform a movement to another firefly,
it examines its distance. If it is higher than V/2, it can be assumed that it is
far from its counterpart. Therefore, it carries out a wide move, using a CC∗
operator. Otherwise, a short move is performed by a CE∗ function.

ESA: For the sake of fairness w.r.t. the rest of considered solvers, a population-
based evolutionary version of the näıve SA has been used [32]. ESA counts with
the same four CC∗ and CE∗ movement functions, meaning that each individual
has its own randomly assigned operator. Furthermore, each population element
has its own temperature value drawn at random from R

+[0.7, 1.0] and kept
fixed over the entire search process. A step forward in the adaptation of this
method is done by also exploiting Eq. (4) for the individual’s movement, using
the distance to the best individual of the population as the reference. This way,
each individual performs a number of DH(·, ·) separated movements, from which
the best one is selected. Finally, the best individual performs a random number
of movements between 1 and Z.

PVNS: A population-based approach of the original VNS has been designed for
this problem. Following the same philosophy considered for ESA, each individual
of the population has its own main movement operator, randomly selected among
CE1, CE3, CC1 and CC3. At each generation, every individual of the population
performs a movement using its main operator, but it may choose a different one
with probability 0.25.

4 Experimentation and Results

In order to assess the performance of the above 4 heuristic solvers, computer
experiments are run over a heterogeneous set of synthetically generated net-
work instances. Specifically, the benchmark is composed by networks with
V ∈ {35, 50, 75} nodes. For each network, a different number of ground of truth
communities is modeled by first creating a partition of the network (with random
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sizes for its constituent groups {Vm}M
m=1), and then by connecting nodes within

every group with probability pin and nodes of different groups with probabil-
ity pout. Therefore, the ground of truth partition should be more discriminable
if pin is high and pout is low. Weights wv,v′ for every edge (v, v′) have been
drawn uniformly at random from ranges R[0.0, 10.0] (inter-community edges)
and R[10.0, 20.0] (intra-community edges). This network construction process
permits to assess the performance of the proposed solvers over noisy versions
of a graph characterized by a controlled underlying community distribution, as
opposed to the common practice by which such a comparison is made based on
the attained fitness value of every technique. Finally, 15 independent runs have
been executed for each dataset, with the main goal of providing statistically
reliable insights on the performance of every method. In relation to the ending
criterion, each run finishes when there are V +

∑V
v=1 v = V (V + 3)/2 iterations

without improvements in the best solution found. The population size is set to
50 individuals for all cases. In the specific case of WCA, the number of rivers has
been set to 9 raindrops (approximately 20% of the whole population), leading
to a number of streams equal to 40. On the other hand, the maximum distance
for evaporation) and R have been respectively set to 5% and a uniform random
value from N[0, 
0.5V �].

Table 1. Obtained NMI results (average/best/standard deviation) using WCA, ESA,
FA and PVNS. Best average results have been highlighted in bold.

WCA ESA FA PVNS
(V,M, pin, pout) Avg Best Std tconv Avg Best Std tconv Avg Best Std tconv Avg Best Std tconv

(35, 4, 0.6, 0.1) 0.526 0.526 0.000 0.89 0.515 0.526 0.010 1.33 0.521 0.547 0.010 1.40 0.526 0.526 0.000 3.6
(35, 4, 0.9, 0.4) 0.876 0.876 0.000 1.34 0.860 0.876 0.010 1.23 0.745 0.768 0.010 1.40 0.876 0.876 0.000 4.43
(35, 7, 0.6, 0.1) 1.000 1.000 0.000 0.98 0.972 1.000 0.010 1.30 0.900 0.929 0.010 1.91 1.000 1.000 0.000 3.19
(35, 7, 0.6, 0.4) 0.807 0.807 0.000 1.85 0.827 0.863 0.010 1.32 0.800 0.828 0.010 1.59 0.806 0.807 0.010 3.95
(35, 7, 0.8, 0.1) 1.000 1.000 0.000 0.75 0.997 1.000 0.010 1.28 0.927 0.949 0.010 1.66 1.000 1.000 0.000 3.67
(35, 7, 0.9, 0.4) 1.000 1.000 0.000 0.80 0.997 1.000 0.010 1.29 0.914 0.935 0.010 1.95 1.000 1.000 0.000 4.34
(35, 18, 0.6, 0.1) 0.960 0.969 0.010 2.57 0.931 0.962 0.010 1.30 0.952 0.973 0.010 1.47 0.954 0.969 0.010 3.29
(35, 18, 0.9, 0.4) 0.998 1.000 0.010 1.21 0.971 0.974 0.010 1.34 0.974 0.990 0.010 1.97 0.998 1.000 0.010 3.52
(50, 5, 0.6, 0.1) 1.000 1.000 0.000 1.59 0.998 1.000 0.010 2.36 0.821 0.851 0.010 3.73 1.000 1.000 0.000 9.13
(50, 5, 0.6, 0.4) 0.694 0.699 0.010 4.80 0.680 0.699 0.010 2.71 0.640 0.658 0.010 4.66 0.689 0.699 0.010 9.12
(50, 5, 0.9, 0.1) 1.000 1.000 0.000 1.45 0.996 1.000 0.010 2.65 0.825 0.905 0.030 3.02 1.000 1.000 0.000 7.51
(50, 10, 0.7, 0.4) 0.972 0.972 0.000 1.80 0.971 1.000 0.010 2.63 0.893 0.908 0.010 4.20 0.972 0.972 0.010 8.72
(50, 10, 0.9, 0.4) 1.000 1.000 0.000 1.35 0.989 1.000 0.010 2.67 0.941 0.962 0.010 3.74 1.000 1.000 0.000 8.04
(50, 25, 0.6, 0.1) 0.979 0.989 0.010 6.31 0.952 0.965 0.010 2.74 0.955 0.969 0.010 3.14 0.967 0.977 0.010 9.27
(50, 25, 0.6, 0.4) 0.955 0.968 0.010 4.94 0.942 0.961 0.010 2.77 0.944 0.961 0.010 3.27 0.947 0.968 0.010 8.55
(50, 25, 0.9, 0.4) 0.990 0.991 0.010 3.73 0.971 0.987 0.010 2.79 0.970 0.980 0.010 3.19 0.982 0.991 0.010 8.99
(75, 8, 0.6, 0.1) 0.987 1.000 0.010 6.65 0.959 1.000 0.010 4.71 0.828 0.844 0.010 8.03 0.971 1.000 0.010 22.57
(75, 8, 0.8, 0.3) 1.000 1.000 0.000 2.69 1.000 1.000 0.000 4.55 0.865 0.888 0.010 7.85 1.000 1.000 0.000 21.83
(75, 8, 0.9, 0.4) 1.000 1.000 0.000 2.25 1.000 1.000 0.000 4.27 0.896 0.919 0.010 9.99 1.000 1.000 0.000 22.72
(75, 15, 0.6, 0.2) 0.986 0.987 0.010 5.98 0.982 0.989 0.010 5.48 0.892 0.917 0.010 8.27 0.984 0.989 0.010 22.98
(75, 30, 0.6, 0.1) 0.971 0.976 0.010 12.60 0.949 0.973 0.010 5.48 0.943 0.956 0.010 8.53 0.956 0.966 0.010 18.50
(75, 30, 0.8, 0.4) 0.966 0.970 0.010 16.53 0.951 0.971 0.010 5.77 0.939 0.955 0.010 8.64 0.958 0.979 0.010 23.30
(75, 38, 0.9, 0.1) 0.984 0.993 0.010 13.27 0.972 0.981 0.010 6.28 0.972 0.979 0.010 8.42 0.973 0.981 0.010 20.78
(75, 38, 0.9, 0.4) 0.985 0.993 0.010 18.35 0.968 0.981 0.010 6.06 0.970 0.982 0.010 9.56 0.973 0.994 0.010 22.57

Friedman’s non-parametric test (mean ranking)
Rank 1.3333 3.1042 3.7292 1.8333

In Table 1, the results (average/best/standard deviation) obtained by the four
methods are displayed in terms of the Normalized Mutual Information (NMI)
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with respect to the ground of truth partition of every network. The NMI score
quantifies the level of agreement between both community partitions ignoring
label permutations: if NMI(˜V, ˜V ′) = 1 both community distributions ˜V and ˜V ′

are equal to each other, whereas lower values of this score denote that there are
differences between them. A first inspection reveals that WCA outperforms the
other methods in almost all the instances, with consistently superior average
NMI scores for most networks. As expected, results degrade when the values
of (pin, pout) imprint topological noise on the ground of truth partition of every
network, as exemplified by instances (V,M, pin, pout) = (50, 5, 0.6, 0.4) (for which
the best partition found attains NMI = 0.699) and (50, 5, 0.9, 0.1) (which is
perfectly resolved by WCA and PVNS in all runs). The average iteration index
at which every solver converges as per the aforementioned convergence criterion
is also included in the table (column tconv). Although ESA and FA converge
faster on average (specially for large networks), their lower NMI scores when
compared to PVNS and WCA belittle this computational advantage.

A Friedman’s non-parametric test for multiple comparison has been carried
out to resolve the statistical significance of the results (last row of the Table).
The mean ranking returned by this test is displayed for each of the compared
algorithms. Furthermore, the Friedman statistic obtained is 53.0125. The con-
fidence interval has been set in 99%, being 11.34 the critical point in a χ2 dis-
tribution with 3 degrees of freedom. Since 53.0125 > 11.34, it can be concluded
that there are significant differences among the results. Furthermore, to prove
the significance between the best two techniques – namely, WCA and PVNS, a
Wilcoxon Signed-Rank test has been applied. The confidence interval has been
established at 99% also for this test. Regarding the difference in the obtained
results, the obtained Z-value is −3.0594, with a p-value equal to 0.00222. These
results support the significance of the difference at 99% confidence level. Besides
that, the obtained Wilcoxon test statistic is 0. The critical value of this statistic
for the datasets in which results are not at p ≤ 0.010 is 7. Therefore, the result is
significant at this confidence level, thereby concluding that the WCA approach
is the best performing alternative in the designed benchmark.

5 Conclusions and Future Research Lines

In this work community detection in weighted directed graphs has been
approached by using nature-inspired heuristics. To this end, the discovery of
optimal partitions is formulated as an optimization problem driven by a mea-
sure of modularity adapted to accommodate the directional and weighted nature
of the edges of the network. To efficiently undertake this optimization problem,
different heuristic techniques have been designed and adapted to deal with the
particularities of the solution space, such as the potential representational ambi-
guity of label encoding and the definition of distance between solutions to the
problem. In addition, each designed heuristic is also modified to account for a
better evolution of the individuals (partitions) found during the search process.
Their performance has been compared over 24 network instances composed by
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35, 50 and 75 nodes, using NMI with respect to their ground of truth partition
as the comparison criterion. The obtained results reveal that WCA dominates
the benchmark with statistically significance, specially for large networks.

In light of the promising results obtained in this research work, we plan to
conduct further efforts in different directions. Additional nature-inspired, evolu-
tionary and swarm intelligent methods will be included in the benchmark, which
will also consider network instances of higher scales than the ones used in this
work. Moreover, we will explore how to hybridize the aforementioned heuristic
solvers with local search techniques mimicking the operation of other heuristics
found in the literature, such as recently contributed message passing procedures
[26] and other techniques renowned for their good scalability [19].
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